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1. Introduction

The Erlang mixture model under consideration in this paper is of the following density:

m
h(x; @, y,0) =Y og(x;v5,0), x>0, (1.1)
j=1
where @ = (aq, ..., a;;) is the mixing distribution and m is the number of components or the order of the mixture. Further,
each component density is an Erlang of the form:
ijfle—x/Q
Xy,0)= ——=, x>0, 1.2
80 .0) = Gre— (12)
with common scale parameter # > 0 and positive integer shape parameter y;. To ensure the unique expression of density
function (1.1), we assume that y; < y» < .-+ < y as we did in Yin and Lin (2016). The Erlang mixture model and its

multivariate version have been widely used in modeling insurance losses due to its desirable distributional properties. For
example, risk measures such as VaR and TVaR can be calculated easily. For more details on the applications, see Lee and Lin
(2010), Cossette et al. (2013), Porth et al. (2014), Verbelen et al. (2015), Hashorva and Ratovomirija (2015), Verbelen et al.
(2016), and references therein.

As a mixture model, an expectation-maximization (EM) algorithm is naturally used to fit the model to data by estimating
the scale parameter and the mixing weights. However, the shape parameter of each of the Erlang components is not
estimated. In order to include all possible Erlang distributions for component selection, one must start with a large number
of components in an Erlang mixture when running the EM algorithm. Over-fitting could be a concern in this situation. To
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maintain the goodness of fit and to avoid over-fitting at the same time, an ad hoc method for shape parameter selection
and BIC are used. See Lee and Lin (2010) and Verbelen et al. (2015). Several issues arise. First, the ad hoc method requires
repeated runs of the EM algorithm, which can be computationally burdensome. Second, the chosen shape parameters are
often suboptimal in terms of the order of the mixture. Third, using BIC often results in a poor fit of a model to the sparse right
tail of the data, a major shortcoming in insurance loss modeling and risk measure calculation. Last, statistical properties of
the corresponding estimators cannot be obtained under the ad hoc approach. Yin and Lin (2016) propose a new thresholding
penalty function, termed as iSCAD, to penalize the likelihood when estimating the scale parameter and the mixing weights
of the Erlang mixture. This approach is motivated by the smoothly clipped absolute deviation (SCAD) penalty (Fan and Li,
2001) in regression analysis and the MSCAD introduced in Chen and Khalili (2008) for Gaussian mixtures. The thresholding
feature of the proposed penalty ensures the sparsity of the mixture, which allows us to avoid over-fitting and maintain fitting
accuracy at the same time. Moreover, the structure of the penalty results in the unbiasedness and continuity in estimation.

In this paper, we turn to the issue of consistency of the estimates including the order estimate when using the iSCAD
penalized likelihood for the Erlang mixture model, as the consistency of the order is one of the most important statistical
issues for mixture modeling. In the current statistics literature, most research focuses on Gaussian mixtures and a number
of methods have been proposed. See Leroux (1992), James et al. (2001), Keribin (2000), Ciuperca et al. (2003), Ahn (2009),
Chen et al. (2012) and references therein. However, few research have been done on non-negative non-Gaussian mixtures
and few existing results may be directly applicable to the aforedescribed Erlang mixture.

In this paper, we examine the consistency of the estimators of the weight parameter and common scale parameter, as
well as the order estimator, when using the iSCAD penalized likelihood. In Section 2 we introduce the iSCAD penalty, the
corresponding penalized likelihood and the estimators obtained from the maximum penalized likelihood. Main results and
their proofs are given in Section 3 in which we show that the estimators are consistent.

2. The iSCAD penalty

Yin and Lin (2016) propose a new penalty function termed as iSCAD, which penalizes individually the weights of an Erlang
mixture. For each weight 7rj, j = 1, ..., m, the iSCAD penalty function is defined as

ar+¢e  a’r? axr

P, (m;) = Aflog > o n e}I(nj > aA)
Tt w2 1 (2.1)
Mlog —— — L 4 (ah — ———)m}i(; < ar
+ A{log 5 +(a ak+8)nj} (7; < ad),

where A is a tuning parameter that is a function of n with condition A — 0, asn — ococ.a = % > 1is to ensure that the

estimator 7; of 7; is continuous and parameter ¢ = A%? is to ensure that the range of ; includes 0. These conditions are
motivated by the conditions in Theorem 4 of Leroux (1992) to ensure to not overestimate the order of the Erlang mixture. The
tuning parameter will ensure the sparsity of the mixture as it serves as a lower bound of the mixing weights. This property is
crucial to avoid over-fitting and maintain fitting accuracy at the same time. Moreover, the structure of the iSCAD penalty and
its derivative will result in the unbiasedness and continuity in estimation of the mixing distribution when an EM algorithm
is used.

Insurance loss/claim data are mostly left truncated with known truncation points (in the form of a deductible or retention
limit). See the data sets in Beirlant et al. (2006) and Verbelen et al. (2015). Suppose [ to be a truncation point. Then, the
probability density function of a left-truncated Erlang mixture is

h(x; &, ¥, 0) 2’": g(x; . 0)
hix;o.y.0) _ N~

h(x; = — = =
) Hba,y,0) = Hla,y,0)
m
G(l: y, ,
Z v, 0) 8(x; v, 0 ang9 x: 1, ), (2.2)

= H(; o, p, )E(l ¥, 0

where ¢ = (my,..., Ty, 0). There, ﬁ(x; a,y,0) and E(x; vj, 0) are the survival functions of h(x; e, y, ) and g(x; y;, 9),
respectively,

g(x; v, 0)
X, l, i) = —,
8% L yy) Gt ;. 0)
and
G(l; v, 0
TTj =Oljf(¢). (23)
H(l; o, p,0)

Further, let Gy(x; I, y;) be the cumulative distribution function of go(x; I, ¥;).
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Suppose that X = (Xi,...,X,) is a random sample of size n from a sparse Erlang mixture with density (2.2). Let
X = (X1, ..., Xy) be its realization. The penalized log-likelihood function with iSCAD penalty is defined as
n m
Lo(@) = logfulx1, ..., xa; $) = Y logh(xis ¢) —n Y Pi(;). (2.4)
i=1 j=1
That is, f(X1, . . ., Xn; @) = [T, h(xi; ¢)exp{—nzj”;1PA(nj)}, and in particular,
m
filx; $) = h(x; ¢)exp(— Y Pi(m)}. (2.5)
j=1
Yin and Lin (2016) applied an EM algorithm to (2.4) and obtained penalized maximum likelihood estimators for the mixing
weights & = (7, ..., 7y) and the common scale parameter € as described in the following. Suppose that the kth iteration
in the EM algorithm gives the estimates ¢* = (7", ..., 7\, 6%)). The values of the parameters in the next iteration are
obtained by the following formulas
—(k) )= m _ _
7Y =q01g" > o) + (@7~ 0.1@0 < ar), (26)

—(k) & Xlqqllx.¢®) EEOIY . . . . ) )
where q; = ==———".Here, q(j | x;, ¢**’) is probability of the observation x; coming from the jth component:

k
. ) (k)y jTj( )gﬁ(k)(xi; 17 V])

q0|xl7¢ )_Zm n(k) »'l ' M
j=17T; g(;(k)(xu s Vj)

The updated estimate of the scale parameter 6 is given by

150 k

pk+1) — DX —tl

- m —(k)
2 et Yidj

)

where
m =16
o — Z(—](lc) [ie=!/
J — (] :
S0 = 116 v, 0) |,y
Let (2) = (71,..., Tm, é) be the estimated values in the final EM iteration. The estimate of the order of the mixture is
m=#{#77 #£0,j=1,...,m}. (2.7)
For notational cleanness, we rename the shape parameters {yj|7; # 0,j = 1,...,m} in the increasing order as y =
(71, - - ., ¥) and the corresponding mixing weights & = (71, ..., 7). Finally, from (2.3) the estimates of the corresponding
original weight parameters & = (&1, . . ., &;;) are obtained as
T
@ =c=—""r. (2.8)
G(L; 7, 0)

where c is a normalizing constant such that Zjﬁ‘:]&j =1
3. Consistency results and their proofs

In this section we show that the estimators obtained in the proposed penalized MLE are consistent beginning with several
lemmas. Recall that the density of the Erlang distribution with left truncated point | and shape parameter y; is

g(x; v, 0)
G(l; 3, 6)
Let the range of the scale parameter space be ® = {6 : ¢; < 6 < ¢, where ¢y and ¢, are positive constants} with the true

parameter 6y € ©.
The first lemma concerns boundedness properties of the truncated Erlang (3.1).

gox: L y) = (3.1)

Lemma 3.1. For 6 € © and sufficiently small pg > 0, define gy, ,,(x; I, ;) = supg {8 (x; L y;) : 10 — 0’| < py, 0" € O} and
gg‘pe (x; 1, ;) = max(1, gy, p, (x; 1, ;). Then,

o0
f loggg ,, (x; 1, ¥)dGey(x; I, 3) < 00
1
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and

o0
/ [log ga(x; 1, y)IdGg,(x; I, yj) < o0.
1

Proof. It is well known that the mode of Erlang distribution (1.2) is 6 - (y; — 1) when y; > 1.1f ; > 1, the density of
left-truncated Erlang (3.1) is bounded as

8(x%.0) x1i~le=x/0 _ g yprlerny
Gl 3, 0) Gl 3, 0)0%(y; — 1!~ Gll; 5, 00(y; — D
If y; = 1and x > [, the density of left-truncated Erlang (3.1) is bounded as
e~*/0 e 110
<= .
Ly=1,00 " Gly=10)0

(=i~ ey
G(l:%.0)0(yj—1)! * GLy=1.0)9"

gx; L y) =

ge(x;l,)q:l):E

Define B(6) = max{

1}. Obviously, gy(x; I, y;) < B(6). Thus, we have
+0o0
/ loggg ,, (%: L, v1)dGe,(x; 1, )
!

+00
_ / log(max{1, 8., (x; L )} )dGao (x: L %)
1

5/ log sup B(0")dGg,(x; 1, ¥;) < o0.
(X1, pg (x:1.j)>1.x21}) 10"=601<pg

To show fl+°°|logg9(x; L, ¥)ldGg,(x; 1, y;) < oo, we have the following
+o00
/ [log go(x; 1, ¥)1dGgy (x; L, ¥;)
l+oo .
- fl 04— Dlogx — X1dGay(x5 L )+ G)
1 X +oo X
- /l 01— Dlogx — 5 1dGay (551, ) +/1 (05— Dlogx — 5 dGax: 1) + 1)

1 +o0 )
<(yj—1+ 5)[ xdGg, (x; 1, yj) + Go(j) < o0,
1

where C;(j) = |log(6%(y; — l)!E(l; v, 0))l and G(j) = Gi(G)+(I(y; — 1)10gl|+%)(690(1; I, ¥;)—Gg,(l; 1, v;)) are both constants,
j=1,...,m. O

In the next lemma, we show the properties in Lemma 3.1 can be extended to the Erlang mixture model. The proof is
similar to that in Redner (1981). Denote the parameter space of the mixture as

m
O ={p=(m1,...7Tm.0): Y m=1m200<c<0=0c)
j=1
with the true parameters being ¢, = (7.1, ..., To.m, 6) € @, in which there are only my non-zero weights. For any

¢, ¢ € @, we define the distance between ¢’ and ¢ as |¢' — ¢| = Zj'll arctan|m; — mj| + 10" — 6|.

Lemma 3.2. Recall that the mixture model (2.2) with the left truncated point | > 0 is given by

m
hx; @)=Y 7 g(x: L y), x> 1,

=1

with pre-given land y;,j = 1, ..., m. Let H(x; ¢) be the cumulative distribution function.
For each ¢ € @ and sufficiently small pg > 0,

/, log " (x: . 04 )AH(x: o) < 00
and
/, llog h(x:; )|dH(x; ) < 0o,

where h(x; ¢, pg) = supy {h(x; ¢') : |¢' — @I < pg, ¢' € P}, h*(x; §, pg) = max(1, h(x; B, pg))-
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Proof. The first boundedness property holds because

/I log h*(x: . pg)dH(x; o)

oo
= / logmax{1, sup an’ go(x; 1, y)}dH(x; @)
I 1/~ bl<pp 1=

m 0
<> f logmax({1, sup gy (x; 1, y;)}dH(x: ¢)
ey 16/ ~¢l<pg

m o)

= / loggg ,,(X: 1, vj)dH(x; ¢g) < o0
: I
j=1

To show the second boundedness property, letA; = {x € [I, oo)|zj";1nj & (x; 1, ;) = 1} and A; = [, 00)\ A;. Then we have

| e >t )
1

j=1

m m
= [ o8 Y- st )+ [ log Dt L g )
Ao -

< Z Nloggo(o: L yIdH(x: do) +Z llog g (x: L, y)IdH(x: )

j=1 "4
< § / [log go(x; L, y)|dH(X: ¢g) < 00. O
. 1
=1

The next lemma shows that the order of the mixture model cannot be underestimated using an idea in Theorem 4 of Leroux
(1992). Divide the parameter space @ into @* = {¢ € @ : m* < mp} and @™ = {¢ € & : m* > mgy}, where m* is the
number of non-zero weights.

Lemma 3.3. For each ¢ € ®*, L,(¢) < Lu(¢,)-

Proof. It follows from Lemma 2.4 of Newey and McFadden (1994) that

! log h(X;;
sup 2izi logh(Xi: 9) » /h(x; o) log h(x; ¢p)dx as n — oo.
pecd* n
Because of the law of large number, we also have
? logh(X;;
M 5 /h(x; o) log h(x; ¢y)dx asn — oo.
Thus, forn — oo,

Yo logh(Xi; é) ~sup Yo logh(Xi; ¢)

n Peo* n

- / h(x; ¢o)log(h(x: ¢o)/h(x; $))dx. (3.2)

Since ¢ € @*, m* < mp and hence ¢ # ¢,. The identifiability property of the mixture model implies that h(x; ¢) # h(x; ¢,),
and the properties of Kullback-Leibler divergence lead to

/ h(x; o) log(h(x; ¢o)/h(x; ¢))dx > 0.
As aresult,
Yy logh(Xii ¢g) oL, logh(Xi; @)

n n

for each ¢ € @* and for large n.
For any weight parameter 7rj of ¢ € @7, the definition of the iSCAD penalty implies that when 7; = 0, P, (r;) = 0, and
when m; > 0,

> 0, (3.3)

+e,  a*A? ahy
lim P = llm An{lo ni n
n— oo An (7'[1) { & En 2 ai, + En}
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= lim [A,(log(ar, + €,))] — lim (), logey)
n—oo n— 00

a’)? ak
+ lim ap(—2 — —" )=
n— 00 2 ai, + &n
We thus have
m m P
> P (mo) = ) Pi(m;) > 0, asn — oo. (3.4)

j=1
Combining (3.3) and (3.4), we have, for large n,
m m n n
- logh(X;; - logh(X;;
Zpkn(”&j)_zpkn(”j) - Z,:l og h(X;; @) _ 2171 og h(X; ¢). (35)

n n

Equivalently,

Ln(@) =) logh(Xi; ) —n Y Py, (m) < Y logh(Xi: ) —n >  Ps,(70) = La(eho)- (36)
c pa

i=1 j=1
The lemma is therefore proved. O

The next lemma concerns the expected penalized log-likelihood and we show that it is maximized at ¢,.

Lemma 3.4. Foreach ¢ € &**, ¢ # ¢,, we have
L(¢) = Eo log fi(X; ¢) < Eo log fi(X; ¢g) = L)

Proof. To prove, we re-express the iSCAD penalty function (2.1) as
Py, (7)) = A - I(;j > ai,) + B(mj) - I(mj < aky),

2
where A = 1,{log %ntén Ma’i‘s } that does not contain 7; and B(rr;) = An{log - 7% + (@hn — g )m)

For sufficient large n, if ; > 0, P,,(7r;) = A. Thus, Z 1Pr () = m*A. Similarly, we have Z 1P, (7m0 j) = moA. For each
¢ € &** we have

Yoy Pa(y) _om*

ﬂ)+€n

e ! (37)
Yo Pa(moy)  mo
That is,
m m
prn(ﬂj) > prn(ﬂo,j)- (3.8)
j=1 Jj=1
It follows from (2.5) and Lemma 3.2 that
m
Eollog fi(X: ¢o)| < Eollogh(X: ¢o)l + Y _ Pi, (o) < oc. (39)
k=1
Let U = log f1(X; ¢) — log f1(X; ¢,). Then, U # 0 due to the identifiability of the mixture model (see Teicher, 1963), and
AX; -
Eole"] = Eo [f‘( X o) ] = exp{— ZPA,,(nJ Y Pi(mo ) < 1.

By Jensen’s inequality,

EoU < logEg[eV] < 0.
The lemma is proved. O

The next lemma shows the convergence of the expected log-likelihood. The proof is similar to that Lemma 2 of Wald

(1949).
Lemma 3.5. For each ¢ € ®** and sufficiently small pg > 0, let fi(x: ¢, pg) = supy{fi(x: ¢') : |¢p — ¢'| < pg. ¢ € &**},
fi(x; @, pg) = max(1, fi(x; ¢, py)) and f{'(x; ¢) = max(1, fi(x; ¢)). Then,

plimo Eo log f1(X; @, pg) = Eq log f1(X; ¢).

¢*>
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Proof. It follows from the definition that log f;(X; @, pg) is increasing in pg. The continuity of f;(X; ¢) at each ¢ € @** leads
to
lim log f{'(X; @, py) = logf{'(X; ¢).
p¢—>0
By the monotone convergence theorem, we have

,},ETOEO log f(X; ¢, pg) = Eo log f{'(X; ¢). (3.10)

Now, denote f;*(x; ¢) = min(1, fi(x; ¢)) and f{*(x; @, py) = min(1, f1(x; @, pg)). Clearly,
llog fi™(x; @, pg)| =< log f{™(x; @)
(3.9) implies Eq |log f;*(X; ¢)| < oo. The continuity of f1(X; ¢) at each ¢ € @** implies
Jim, 108 /17(X: 6. pg) = log /i (X; ),
and hence
Jim, Eolog"(X: . py) = Eo log (X ¢) (3.11)

by the dominated convergence theorem.

Since Eq log fi(X; @, pg) = Eo log f{'(X; @, pg)+Eo log f{*(X; @, pg) and Eg log f1(X; @) = Eo log f(X; ¢)+Eo log f(X; ¢),
it follows from (3.10) and (3.11) that Lemma 3.5 holds. O

We now present a main consistency result. Again, the proof is motivated by Wald (1949).

Theorem 3.1. Let §2 be any closed subset of the parameter space @**, and the true parameter ¢, ¢ $2. Then, we have
. SUPgeq f1(X1; @N1(Xa; @) - - - f1(Xn; @)
P lim =0)=1.
n—oo  f1(X15 @o)fi(Xas o) - - - f1(Xns o)

Proof. It follows from Lemmas 3.4 and 3.5 that for each ¢ € $2, there is a positive and sufficient small value pg > 0 such
that

Eo log f1(X; @, pg) < Eo log f1(X; @), (3.12)
and
plimO]Eo log fi(X; @, pg) = Eo log f1(X; ¢) < Eo log f1(X; ¢y). (3.13)
¢4)
Since §2 is compact, there exist a finite number of points ¢, ..., ¢, in £2 such that 2 C Uzzls(q&k, P¢, ) where S(¢, pg)

denotes a sphere with center ¢ and radius pg. Then,

n h n
0< ;ug Hﬁ(xi; ¢) < Zl_[f1(xi; D> Loy )-
€ o

k=1 i=1
Thus, Theorem 3.1 will be proved if we can show that
P (lim F1lX1; @, 06, S1(X2: D, 0g,) - - - f1(Xns Drr 0,)
11— 00 F1(X1; @) 1(X25 @) - - - [i(Xn; @g)

Rewrite the above equations as

:0):1, k=1,2,...,h

P{lim > [logfi(Xs: d. pp,) — l0gfi(Xi: o)l = —00} = 1. k=1.....h
i=1

Obviously, these equations hold due to (3.12) and the law of large number. This completes the proof. O
To show the consistency of the estimates, we give another lemma.

Lemma 3.6. Let (7)" € @** be a function of the observations x1, Xa, . . ., X, such that

flxa; ‘_ﬁn) 1(x2; $H)~~f1(xn; (;5")
Fi(x15 @ )f1(X2;5 @g) - - - fi(Xn; Bg)
Then

P{lim ¢, = o} = 1.

> ¢ > 0, for large n. (3.14)
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Proof. It is sufficient to prove that for sufficiently small pg,, the probability that all limit points q_ﬁ_of the sequence &n satisfy
the inequality |¢ — @] < pg, is one. If there exists a limit point ¢ of the sequence ¢, such that |¢ — ¢,| > pg,, then

n

sup [ [fitxi: ¢) = [ [ filxi: @,) for large n.

[$—dol=pgy 1 i1
It follows from (3.14) that
SUP|g— gy g, | lie1 S1(xi: ) .
Ji(x15 @o)f1(x2;5 o) - - - f1(xns o) ~

According to Theorem 3.1, this is an event with probability zero. Hence, the probability that all limit points d_b of the sequence
¢, satisfy the inequality |¢ — ¢g| < pg, is always one. O

> 0.

We now show that the estimates of all the parameters are consistent.

Theorem 3.2. The penalized maximum likelihood estimators ¢ € @** are consistent, i.e. the estimators ¢ which maximize
[T fi(Xi: @) are such that

P{ lim é=¢, = 1. (3.15)

Proof. Since (;5 € @**, are the penalized maximum likelihood estimators of ]_[?:1 f1(Xi; @), we have
[T, X 'y -1
[T filXis do) —
Obviously, (;S satisfies (3.14) with ¢ = 1. Thus, we have
P{lim ¢ =gy} =1. O
n—oo

Theorem 3.2 leads to the following corollary.

[ [0 8) = [ [ A1 bo) o
i=1

i=1

Corollary 3.1. The penalized maximum likelihood estimators & = (&1, &, . . . , &) are consistent, i.e.
P{lim & = oo} = 1.
n—oo
where ey = (0.1, - - . , ®o,m) IS the true weight parameters of the original Erlang mixture (1.1).

Proof. From Theorem 3.2 and (2.8),forj =1, ..., m,

Iy — ol = ¢ | =2 i
j— ol = ¢ || = — — =
Gl y;,0) G v, 60)
—c 7j — o, Toj T,
Gy, 0) G y,6) Gy, 6o)
ﬁj—ﬂo’j 1
<Cl|l=———= Toj- C = — — = — 0. O
G v, 0) Gl v,0)  G(; ;. 60)

Theorem 3.3. If liminf,_,..n\, > 0, then the estimator of the order of mixture m is also consistent. i.e. the estimator is such
that

P{lim m =mp} = 1.
n—oo
Remark. The condition liminf,_, ., nX, > 0is always satisfied with the ‘optimal’ choice of X,, in Yin and Lin (2016) in which

A = c(14+4/m)
n= B2 g

Proof. As shown in Theorem 3.2, the penalized maximum likelihood estimators (}5 are consistent, i.e., P{limn_,oo(?) =¢o} =1
As a result, we have

P{liminfm > my} = 1, (3.16)

n—oo

m is the estimate of the order of the mixture defined in (2.7).
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Clearly,
P(it > mg) < P(La($) > Ln(by)).
Rewrite the right hand side of the above as

- 12@) — L2Ado) 2t Pra(®)
P(Lo(¢) > La(¢y)) = P ~ _— 1>
(Ln($) = Lu(dbo)) T o) ST Potmon T2

where Lﬂ(d}) is the likelihood without penalty. Since (3.15) implies that LS(&) — L2(¢0), asn — oo, and under the condition
of this theorem

m
. . Ay +&n a2 ahn
llnn_l)glfn ZP)\H(T[OJ) = llnrl_lﬂl)glf Z ni,{log T + 7 m} = 00,
Jj=1 70,j>0.j=1,....m
we have
1%(¢) — IO
M — 0, asn — oo (3.17)
nY ey Pr(mo)
Based on (3.8), if m > my,
P () m
Z]_l# = — > 1, for sufficient large n. (3.18)

S P(mok) Mo
It follows from (3.17) and (3.18) that
() — L3(¢o) 2ot Pra(Ay)
ny o Pu(mog) L Pa(moy)
Thus,
P(Ln((i) > Ln(¢o)) = 0, for sufficient large n.

+ 1 < 0, for sufficient large n.

Equivalently,
P{m > my, for sufficient large n} = 0,
Combining (3.16), we have

P{lim m=mp}=1. O
n—oo
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